Abstract. In this paper, we show that the twisted Poincaré duality between Poisson homology and cohomology can be derived from the Serre invertible bimodule. This gives another definition of a unimodular Poisson algebra in terms of its Poisson Picard group. We also achieve twisted Poincaré duality for Hochschild (co)homology of Poisson bimodules using rigid dualizing complex. For a smooth Poisson affine variety with the trivial canonical bundle, we prove that its enveloping algebra is a Calabi-Yau algebra if the Poisson structure is unimodular.
Introduction
Poisson geometry is originated in classical mechanics where one describes the time evolution of a mechanical system by solving Hamiltons equations in terms of the Hamiltonian vector field. This inspires the definition of a Poisson manifold M which is equipped with a Lie bracket (called Poisson bracket) on the algebra C ∞ (M ) of smooth functions on M subject to the Leibniz rule. From an algebraic point of view, the structure of a Poisson bracket is understood through the following definition of a Poisson algebra.
Definition 0.1. A Poisson algebra is a commutative algebra A over a base field k, which is equipped with a bilinear map {−, −} : A ⊗ k A → A satisfying (a) skew symmetry: {a, b} = −{b, a}, (b) Jacobi identity: {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 0, (c) Leibniz rule: {ab, c} = a{b, c} + {a, c}b, for all a, b, c ∈ A.
Recently, the development of Poisson geometry has deeply entangled with noncommutative algebras and noncommutative geometry. For instance, in the deformation quantization of a Poisson algebra, the Poisson (co)homology of the Poisson algebra and the Hochschild (co)homology of its deformation quantization are connected by the Brylinsky spectral sequence [Bry88, EG10] . As an application, Van den Bergh [VdB94] , Marconnet [Mar04] and Berger-Pichereau [BP11] computed the Hochschild homology of some three-dimensional
In the light of Proposition 2.4, we see that the representation category of a Poisson algebra A is a monoidal category, where the tensor product is given by ⊗ A and the identity object is the trivial Poisson module A. Moreover, for any Poisson module M that is a line bundle over A (locally free of rank one), we have its left and right dual given by M * := Hom A (A, M ); see 5.2. This yields the definition of the Poisson Picard group of A in the following way.
Definition 0.4. Let A be a Poisson algebra. We define the Poisson Picard group of A, Pic P (A) to be the set of isomorphism classes of Poisson modules that are line bundles over A, with multiplication given by ⊗ A and inverses given by M → M * .
Throughout the paper, we are interested in affine smooth Poisson algebra A. In this case, the differential forms of maximal degree ω A = Ω ℓ A for ℓ = dim A is a line bundle over A. Moreover, its inverse is given by ω * A = Ext ℓ A⊗A (A, A ⊗ A), which turns out to be the Serre invertible bimodule; see subsection 1.3. According to Lemma 3.1, both ω A and ω * A are equipped with Poisson module structures; and hence belong to the Poisson Picard group Pic P (A). The following theorem shows that ω * A plays an important role in the twisted Poincaré duality for Poisson homology and cohomology. In particular when A has trivial canonical bundle, or A is a commutative Calabi-Yau algebra by Proposition 1.12, we can recover the modular derivation of A [LWW, §2.2] from the Poisson module structure on ω A by Lemma 2.3. In this case, M ⊗ A ω * A = M δ , where M δ denotes the twisted Poisson module of M by the modular derivation δ of A; refer to Corollary 4.4.
Our next goal is to explore the unimodularity of a Poisson algebra. In the seminal paper [Wei97] , Weinstein introduced a notion of modular class of a smooth real Poisson manifold M , which belongs to the 1-th Poisson cohomology group HP 1 (M ). The notion was independently introduced by Brylinski-Zuckerman [BrZu99] in the context of complex analytic Poisson manifold. We say a Poisson manifold is unimodular if the modular class of M equals zero in HP 1 (M ). Later in [Xu99] , Xu proved that any Poisson manifold that is unimodular satisfies Poincaré duality between Poisson homology and cohomology.
Let us return to the algebraic setting. Let A be a smooth Poisson algebra that has trivial canonical bundle. When we regard the unimodularity of A, the 1-th Poisson cohomology group HP 1 (A) = {Poisson derivations}/{Hamiltonian derivations} needs to be replaced by
Then we can say that A is unimodular if the modular class of A, which is represented by the modular derivation of A, equals zero in H P 1 (A). See [Dol09, LWW] . Our Theorem 0.5 reveals a closed connection between unimodularity and (untwisted) Poincaré duality between Poisson homology and cohomology. Hence we provide a version of unimodularity in terms of the Poisson Picard group.
Definition 0.6 (Definition 3.4). Let A be an affine smooth Poisson algebra. We say A is homologically unimodular if the class of ω A equals zero in the Poisson Picard group Pic P (A).
Finally, we study the connection between unimodularity of a Poisson algebra and CalabiYau condition of its enveloping algebra. Grothendieck in [Har66] introduced dualizing complex to develop duality theory for singular curves. The noncommutative version of the dualizing complex was introduced by Yekutieli in [Ye92] , and it becomes one of the standard homological tools of noncommutative ring theory. Van den Bergh later defined rigid dualizing complex for any noetherian ring [VdB97] . It appears that the existence of the rigid dualizing complex has closed relationship with Calabi-Yau algebra defined by Ginzburg [Gin] . See Proposition 1.11. The following result is obtained by applying the formula of the rigid dualizing complex for algebras of generalized differential operators [Ch99] .
Theorem 0.7 (Theorem 5.4). Let A be a smooth affine Poisson algebra of dimension ℓ. The rigid dualizing complex of the enveloping algebra U (A) is
where
Therefore the special class ω A in the Poisson Picard group Pic P (A) contributes in the rigid dualizing complex of U (A) by a factor of two. As a consequence, the class L A ∈ Pic P (A) is involved in the twisted Poincaré duality between Hochschild homology and cohomology of U (A). Indeed, L * A ⊗ A U (A) turns out to be the Van den Bergh invertible bimodule [VdB98] due to Corollary 5.8. Moreover, U (A) is a Calabi-Yau algebra if the Poisson structure of A is unimodular.
Corollary 0.8 ( 5.6&Remark 5.10). Let A be a Calabi-Yau Poisson algebra. Then the enveloping algebra U (A) is skew Calabi-Yau of dimension 2ℓ with Nakayama automorphism given by 2δ, where δ is the modular derivation of A. Moreover, U (A) is Calabi-Yau if the Poisson structure of A is unimodular.
In the deformation quantization of a Poisson algebra, Dolgushev showed that the deformation quantization algebra is a Calabi-Yau algebra if and only if the corresponding Poisson structure is unimodular [Dol09] . Our result further confirms that unimodularity of a Poisson algebra plays the same role as Calabi-Yau condition in its representation category.
We want to make a remark that a general duality theorem is proved by Huebschmann [Hue99] and Chemia [Ch94, Ch99, Ch04] in the setting of Lie-Rinehart algebras and Lie algebroids.
The paper is organized as follows. Basic definitions of Poisson (co)homology, Calabi-Yau algebra and rigid dualizing complex are recalled in Section 1. Twisted Poisson module structures are discussed in Section 2, where we prove that the tensor ⊗ A and Hom Hom A (−, −) are two well-defined operators on the category of Poisson modules. In Section 3, we introduce the concept of homological unimodularity for any smooth affine Poisson algebra. Using the invertible Serre bimodule of a Poisson algebra, we prove the twisted Poincaré duality between Poisson homology and cohomology in Section 4. At the last Section 5, we establish several equivalent conditions involving unimodularity of a Poisson algebra and the Calabi-Yau condition of its enveloping algebra.
Preliminary
Throughout the paper, we work over a base field k, algebraically closed of characteristic zero. The unadorned tensor product ⊗ means ⊗ k . We keep the notation A as an affine Poisson algebra.
1.1. Poisson universal enveloping algebra. In [Oh99] , Oh introduced the universal enveloping algebra of A, denoted by U (A). Its constructive definition in terms of generators and relations is given as follows. Definition 1.1. [Um12, §2] Let V = A ⊕ A be the direct sum of two copies of A with corresponding inclusions of A denoted by M and H. The universal enveloping algebra U (A) of A is defined to be the tensor algebra T V modulo the following relations, for all a, b ∈ A,
The presentation of U (A) results in an injective algebra map M : A → U (A) and a Lie algebra map H : A → U (A). Therefore we will simply consider A as a subalgebra of U (A). By Theorem 0.3, we have an equivalence of categories A-PMod ≡ U (A)-Mod. Explicitly, for any M ∈ A-PMod, we can consider M as a left U (A)-module where a · m = am and H a · m = {a, m} M , for all a ∈ A and m ∈ M . Now let B be another Poisson algebra. The tensor algebra A ⊗ B is equipped with a Poisson bracket given by A Poisson bimodule over A is a left Poisson module over A e . Denote by A e -PMod the category of all Poisson A-bimodules. Similarly, there is an equivalence of categories
The method of localization is available for Poisson algebras. We list some of the results needed later in this paper. Proof. All of the items can be checked directly. For (e), consider the A-submodule of N spanned by elements {a, f (m)} N − f ({a, m} M ) for all a ∈ A, m ∈ M . Denote it by K. Then the condition implies that K p = 0 for all p ∈ Spec(A). Hence K = 0 and f is a Poisson module morphism.
Recall that the module Ω A of Kähler differentials of A is equipped with the Lie-Rinehart algebra [Ri63, §2] structure derived from the Poisson structure of A. As a consequence, it is observed, by several authors [LWZ15a, Tow] , that U (A) is canonically isomorphic to the Lie-Rinehart enveloping algebra V (A, Ω A ). For a detailed account of this isomorphism, one can refer to [LWZ15a, Proposition 5.7] . The advantage of identifying U (A) with V (A, Ω A ) is that standard results from the theory of Lie-Rinehart algebras can be applied to U (A). For example, the algebra V (A, Ω A ) carries a filtration which naturally passes to U (A) via the canonical isomorphism such that 
where S A (Ω A ) is the symmetric A-algebra on Ω A . In particular for any p ∈ Spec(A),
Therefore the algebra U (A) inherits nice ring-theoretic and homological properties from gr F U (A) by the standard results of filtered algebras [HO96] .
Corollary 1.5. Suppose A is an affine smooth Poisson algebra. Then U (A) is projective over its subalgebra A. Moreover, U (A) is a noetherian, Auslander-regular domain which is a maximal order in its quotient division ring of fractions.
Proof. By Proposition 1.4, it is clear that the properties in the statement are satisfied for the localization of the associated graded algebra gr F U (A) at any p ∈ Spec(A). An easy exercise of localization shows that the same properties hold for gr F U (A) as well. Then one can apply the standard results of Zariskian filtrations [HO96] .
Poisson homology and Poisson cohomology. Let M be a right Poisson A-module.
Then there is a chain complex on the A-module M ⊗ A Ω n A , where Ω n A = ∧ n Ω A denotes the module of Kähler differential n-forms. The boundary operator
It is easy to see that ∂ n−1 ∂ n = 0. The homology of this complex is denoted by HP * (M ) and is called the Poisson homology of the Poisson algebra A with coefficients in the Poisson module M [Mas] .
On the other hand, denote by X n (M ) the space of all skew-symmetric n-linear maps ∧ n A → M that are derivations in each argument. Then there is a cochain complex A , ∂ * ) with differentials given by (2) (M = U (A)) is a projective resolution of A in the category U (A)-Mod. The following proposition, to our knowledge, is first explicitly spelled out in [Hue90] . Proposition 1.6. Let A be an affine smooth Poisson algebra and M be a right Poisson A-module. Then
1.3. Calabi-Yau algebra and rigid dualizing complex. Let B be an associative algebra, and B e = B ⊗ B op . Let M be a B-bimodule, or equivalently, a left B e -module. For every pair of algebra automorphisms σ, τ of B, we write σ M τ for the B-bimodule defined by r · m · s = σ(r)mτ (s) for all r, s ∈ B and m ∈ M . When one or the other of σ, τ is the identity map, we shall simply omit it, writing for example M τ for 1 M τ . The Van den Bergh condition will constitute a key hypothesis in Poincaré duality between Poisson and Hochschild (co)homology. 
where U is an invertible B-bimodule, i.e., there exists another B-bimodule U −1 such that
The definition of Calabi-Yau algebra is due to Ginzburg [Gin] .
Definition 1.8. We say B is skew Calabi-Yau (skew CY) of dimension d if the following conditions hold:
(a) B is homologically smooth, that is, B has a projective resolution in the category B e -Mod that has finite length and such that each term in the projective resolution is finitely generated, and (b) there is an algebra automorphism ν of B such that B satisfies the Van den Bergh condition with U = B ν .
In this case, ν is said to be the Nakayama automorphism of B (up to some inner automorphism). Moreover, we say B is Calabi-Yau (CY) if ν can be chosen as an inner automorphism.
Denote by D(B e -Mod) (D b (B e -Mod)) the (bounded) derived category of all B-bimodules.
There is a close relationship between B is skew CY and the existence of a rigid dualizing complex in D b (B e -Mod). The next definition is due to Yekutieli [Ye92] .
Definition 1.9. Let B be a left and right noetherian algebra.
is called a dualizing complex over B if it satisfies the following conditions:
(a) R has finite injective dimension over B and over B op respectively. Proof. The first part is exactly [BZ08, Proposition 4.3]. Regarding the second part, we assume B to be skew CY of dimension d. It is well known that B has finite global dimension. Then B satisfies the Van den Bergh condition with U = B ν , where ν is the Nakayama automorphism of B. Thus it follows from the first part. Conversely, say B has a rigid dualizing complex B σ [s] . Still by the first part, B satisfies Definition 1.8 (b). By the assumptions of B e , we can find a projective resolution of B in the category B e -Mod such that it is of finite length and each term of the resolution is finitely generated. Hence B is skew CY.
Suppose B is an affine smooth commutative algebra of dimension d. By [Gin, Example 3.2.1], we obtain
as B-modules. Note that in Serre duality, the B-bimodule Ext 
Proposition 1.12. Let B be an affine commutative algebra. Then the following are equivalent. (b)⇒(c) Clearly B has finite global dimension, and hence it is smooth. By (3), B is CY implies that
This means that B has trivial canonical bundle.
(c)⇒(d) It follows from the fact that the rigid dualizing complex of B is given by
(c)⇒(e) We apply Proposition 1.11 by using the fact that B ⊗ B is noetherian smooth (see [VdB02, lemma 1]).
Twisted Poisson module structure
In the remaining of the paper, we assume A to be an affine smooth Poisson algebra of dimension ℓ. The differential forms of maximal degree of A is denoted by
A , Some of our results hold more generally for arbitrary Poisson algebras, but we will not state them with a specification.
for any a, b ∈ A. In particular, a Poisson derivation given by u −1 {u, −} for some u ∈ A × is called a log-Hamiltonian derivation.
We denote by Der P (A) the set of all Poisson derivations of A. For any u, v ∈ A × , one sees that u −1 {u, −} + v −1 {v, −} = (uv) −1 {uv, −}. Hence the set of all log-Hamiltonian derivations of A forms an additive subgroup of Der P (A). We use H P 1 (A) to denote the quotient group of all Poisson derivations modulo log-Hamiltonian derivations. Note that H P 1 (A)
differs from the 1-th Poisson cohomology HP 1 (A) = Der P (A)/{Hamiltonian derivations}.
In the following, we write Id F U (A) as the set of all automorphisms σ of U (A) satisfying: (i) σ preserves the standard filtration (1) on U (A), and (ii) σ = Id when passing to the associated graded algebra gr F U (A). The next lemma shows that any Poisson derivation of A can be derived from such automorphisms of U (A), where log-Hamiltonian derivations correspond to those inner automorphisms.
Lemma 2.2. There is a bijection between
) and a ∈ A. Moreover, the following are bijective:
Proof. Since M A and H A are generators of U (A), any automorphism f ∈ Id F U (A) is given by some linear map δ :
Using Definition 1.1, it is straightforward to show that f is well-defined if and only if δ ∈ Der P (A).
By Proposition 1.4, gr F U (A) is a domain. Hence the units of U (A) belong to F 0 U (A) = A, which are exactly the units of A. Hence any inner automorphism f of U (A) is given by
for some u ∈ A × . Hence f ∈ Id F U (A) and is given by the log-Hamiltonian derivation such that f = ϕ(u −1 {u, −}). The inverse correspondence can be proved similarly.
As a consequence, there is a one-to-one correspondence between the following.
Let M be a left U (A)-module, and σ an automorphism of U (A). We consider the twisted U (A)-module σ M . Lemma 2.2 implies that if σ ∈ Id F U (A), i.e., it is given by some δ ∈ Der P (A), then in σ M we have for all a ∈ A and m ∈ M . Applying the equivalence of categories A-PMod ≡ U (A)-Mod, it means that we can twist any Poisson module (M, ·, {−, −} M ) by some δ ∈ Der P (A) such that
In this case, we simply write δ M as the twisted Poisson module (M, · δ , {−, −} δ ). Note that it provides another explanation of [LWW, Proposition 2.7 ]. The following lemma shows that twisted Poisson module structure occurs naturally. We will use the forgetful functor from A-PMod to A-Mod.
is uniquely determined by M .
Proof. Without loss of generality, we assume M to be a left Poisson A-module. We can identify M with Am by choosing some generator m ∈ M . Hence it establishes an isomorphism ϕ : M → A of left A-modules given by ϕ(am) = a. For any a ∈ A, there is a unique element x ∈ A such that {a, m} M = xm. Denote δ(a) = x. It is straightforward to check that δ ∈ Der P (A) and M ∼ = δ A as Poisson modules via ϕ. Now let m ′ ∈ M be another generator of M . Similarly, we have M ∼ = δ ′ A where δ ′ ∈ Der P (A) is defined by am ′ = δ ′ (a)m ′ for any a ∈ A. After writing m ′ = um for some u ∈ A × , it is an easy exercise to show that δ − δ ′ = u −1 {u, −}. This implies that δ is uniquely determined up to some log-Hamiltonian derivation. Hence the class of δ is unique in H P 1 (A). 
for any m ∈ M, n ∈ N and a ∈ A. Moreover, there are two left derived functors 
Proof. We only prove (b) and (a) follows in the same fashion. First of all, it is straightforward to see that the Poisson left A-module structure is well-defined on Hom A (M, N ) in the sense of Definition 0.2. Generally speaking, let I • be a acyclic complex consisting of injective modules in the category U (A) op -Mod. For each term I i in the complex I • , we have
Since 
(b) Let M, N be two right Poisson A-modules. Then
Proof. We will prove (b) and (a) follows similarly. First of all, we show the isomorphism on the Hom level. Simply write
It is clear that we have natural isomorphisms of A-modules X ∼ = Z ∼ = Y . For any a ∈ A, φ ∈ X and m ∈ M δ 1 , we have
Hence X ∼ = Y as left Poisson A-modules. More generally, let N → I • be an injective resolution of N in the category U (A) op -Mod. Note that I is injective in the category U (A) op -Mod if and only if I δ is injective in the category U (A) op -Mod for some δ ∈ Der P (A). Hence N δ 2 → (I • ) δ 2 is an injective resolution of N δ 2 in the category U (A) op -Mod. By the argument above, we have the following isomorphisms in D b (A-PMod).
Homological unimodularity
We still suppose A is an affine smooth Poisson algebra of dimension ℓ. In this section, we study the module of differential forms of maximal degree for A, that is ω A = ∧ ℓ Ω A . Note that ω A is a locally free A-module of rank one. It is a well-known fact that ω A is equipped with a Poisson A-module structure, where any element H a ∈ U (A) acts on ω A as a Lie derivation by the adjoint action; see [Bo87, Ch94] . We will explain this Poisson structure using homological algebra.
Let M be a Poisson A-bimodule, or equivalently, a U (A)-bimodule. The left and right Poisson brackets on M are given by H a m and mH a for any m ∈ M and a ∈ A. The following lemma lies in the same fashion of Proposition 2.4. 
Proof. It is direct to check that the right Poisson module structure is well-defined on Hom A e (A, M ) = {m ∈ M | am = ma ∀ a ∈ A} with respect to Definition 0.2. Now consider a acyclic complex I • consisting of injective objects in the category U (A) e -Mod. By Corollary 1.5, U (A) e = U (A e ) is projective hence flat over A e via the forgetful functor. Hence the complex Hom Note that the tensor algebra A e = A ⊗ A op is a Poisson A-bimodule, or equivalently, a left module over U (A e ) = U (A) e by Lemma 1.2. Therefore we can take M = A e in Lemma 3.1. It is clear that the right Poisson bracket on Hom A e (A, A e ) is given by the adjoint action. Next apply (3) to get
Hence ω * A is a right Poisson A-module, where the Poisson bracket is induced by the adjoint action. It follows from Proposition 2.4 (b), one sees that ω A = Hom A (ω * A , A) is a left Poisson A-module. Now choose any p ∈ Spec(A). We know Ω Ap is a free A p -module of rank ℓ, and ω Ap ∼ = A p as A p -modules. Hence ω Ap ∼ = δ A p for some δ ∈ Der P (A p ) by Lemma 2.3.
Definition 3.2. The local modular derivation of A at some p ∈ Spec(A) is defined to be the Poisson derivation δ ∈ Der P (A p ) such that ω Ap ∼ = δ A p as left Poisson A p -modules. Moreover, the local modular class of A is the class of δ in H P 1 (A p ).
As a consequence, the local Poisson structure on ω A is uniquely determined by the local modular class of A.
Lemma 3.3. Let A be an affine smooth Poisson algebra, and p ∈ Spec(A). Suppose x 1 , x 2 , . . . , x ℓ is a regular system of parameters of A p . Then the local modular derivation δ of A at p is uniquely determined, up to some log-Hamiltonian derivation, by its values on x 1 , . . . , x ℓ . Moreover, we have δ(x i ) = 1≤j≤ℓ a ijj , where coefficients a ijk ∈ A p are given by d{x i , x j } = 1≤k≤ℓ a ijk dx k in the module of Kähler differentials of A p .
Proof. Note that A p is a regular local algebra, whose unique maximal ideal is generated by its regular system of parameters x 1 , x 2 , . . . , x ℓ . Since every element of A p can be represented as a rational function in terms of x 1 , x 2 , . . . , x ℓ , it is clear that any derivation of A p is uniquely determined by its values on x 1 , . . . , x ℓ . This applies to the local modular derivation δ ∈ Der P (A p ).
Since dx 1 , . . . , dx ℓ forms a free basis for the Kähler differential Ω Ap of A p , one sees that dx 1 ∧ dx 2 ∧ · · · ∧ dx ℓ is a basis for the differential forms of maximal order ω A ; and hence is a dual basis for ω * Ap . By applying the standard Koszul resolution of A p , one concludes that the local modular derivation δ is determined, up to some log-Hamiltonian derivation, by the adjoint action such that
for any a ∈ A p . In particular, we have
In particular when A is CY, then A has trivial canonical bundle by Proposition 1.12. Hence the Poisson structure on ω A ∼ = δ A is uniquely determined, up to some log-Hamiltonian derivation, by one single δ ∈ Der P (A). In [LWW, §2.2], the Poisson derivation δ is said to be the modular derivation of A. And the unique class of δ in H P 1 (A) is called the 
Poincaré duality between Poisson homology and Poisson cohomology
In this section, we study Poincaré duality between Poisson homology and cohomology following the idea in Van den Bergh duality for Hochschild homology and cohomology [VdB98] . This involves the Serre invertible bimodule ω * A = Ext ℓ A e (A, A e ), i.e., the dual module of the differential forms of maximal degree, which plays the same role as the Berezinian module in the general context of Lie-Rinehart algebras [Ch94, Hue99] .
Proposition 4.1. Let A be an affine smooth Poisson algebra. Then we have the following isomorphism
Proof. Throughout our proof, let p ∈ Spec(A), and write B = A p and R = gr F U (B) ∼ = B[dx 1 , . . . , dx ℓ ] by 1.4. First of all, we show that the left hand side concentrates in degree ℓ, which reduces our proof to the highest degree ℓ. We use the standard spectral sequence
It is easy to see that Ext
Next we will compute Ext ℓ U (B) (B, U (B)). Let x 1 , . . . , x ℓ be a regular system of parameters for B. We denote by a ijk ∈ B the coefficients determined by d{x i , x j } = 1≤k≤ℓ a ijk dx k . Then the local modular derivation δ ∈ Der P (B) is given by δ(x i ) = 1≤j≤ℓ a ijj by Lemma 3.3. In the following, write
as free bases for Ω ℓ B and Ω ℓ−1 B . We use the complex U (B) ⊗ B Ω • B → B with differentials described in (2) (M = U (B)) as a projective resolution of B in the category U (B)-Mod. Therefore, we obtain the following commutative diagram of exact rows
where the differential ∂ can be explicitly given as follows
In the above calculation, we use the fact that a ijk = −a jik . Note that U (B) is generated by B and H x 1 , . . . , H x ℓ by Proposition 1.4 and the local modular derivation δ is uniquely determined by δ(x 1 ), . . . , δ(x ℓ ) by Lemma 3.3. As a conclusion, we have U (B) ).
as right Poisson B-modules. Finally, we define the global A-module map ϕ : Ext A, U (A) ) as ϕ = 0 when i = ℓ and when i = ℓ, ϕ is the composition of the following maps.
By the arguments above, any localization of ϕ is a Poisson module isomorphism over the localized Poisson algebra. Hence the statement follows from Lemma 1.3, and the derived version is obvious.
In the theory of Lie-Rinehart algebras, there is a correspondence (analogous to Bernsteins correspondence for D-modules) between left and right Lie-Rinehart modules using the Berezinian module of the dual sheaf of the Lie algebras [Ch94] . We reformulate it in the context of Poisson algebras by using any Poisson A-modules which are line bundles over A. 
Proof. Since S, considered as a right A-module, is locally free of rank one, it is straightforward to check that GF = Id on A-PMod and F G = Id on A op -PMod by applying the method of localization in 1.3. The derived version follows immediately.
When S = A, we will simply identify (−) = A ⊗ A (−) and (−) = Hom A (A, −) between left and right Poisson modules. For instance, the original right Poisson module ω * A can be considered as a left Poisson module, where Hom A (A, ω * A ) = ω * A as vector spaces and am = ma, {a, m} = −{m, a} for any a ∈ A and m ∈ ω * A . In the remaining of the paper, we will freely switch between left and right Poisson modules when we apply Proposition 2.4. In particular, it is an easy exercise to show that the corresponding left module for a twisted right Poisson module M δ is given by −δ M and vice visa. 
In particular if A is homologically unimodular, then we have the Poincaré duality between Poisson homology and cohomology
Proof. In view of Proposition 1.6, it is convenient to make use of the derived category. 
Calabi-Yau condition
In this section, we use the rigid dualizing complex of the enveloping algebra U (A) to explore its Calabi-Yau property. We show that there is a strong connection between the unimodularity of A and the Calabi-Yau property of U (A).
Lemma 5.1. For any affine smooth Poisson algebra A of dimension ℓ, the associated graded algebra gr F U (A) has a rigid dualizing complex
In particular if A is CY, then gr F U (A) is CY.
Proof. It suffices to show for B := S A (Ω A ) by Proposition 1.4. We define the following map
first on the generators of Ω B such that ϕ(da) = 1 ⊗ (da + 0) and ϕ(dα) = 1 ⊗ (0 + α) for any a ∈ A and α ∈ Ω A . Then one checks that ϕ can be extended to a well-defined B-module map on Ω B . Now consider ϕ as an A-module map. The localization of B at any
Hence Ω Bp is a free B p -module of rank 2ℓ and the localization ϕ p yields ϕ p : B ⊕2ℓ
p , which is easy to be checked as an isomorphism. Therefore ϕ is an isomorphism of A-modules; and hence it is an isomorphism of B-modules. Since B is affine smooth, by the comment above Proposition 1.12, the rigid dualizing complex of B is given by 2ℓ shifting of
Moreover, when A is CY, we know ω A = A, then it follows from Proposition 1.12 since the rigid dualizing complex of B is B[2ℓ].
Generally, suppose S is a Poisson A-module that is a locally free A-module of rank one. In the following, we denote by S * = Hom A (S, A) the dual module of S, which is also a locally free A-module of rank one; and its has again a Poisson module structure due to Proposition 2.4. We will not specify on which side is the Poisson module structure of S or S * , but will leave to the context making use of the comment below Lemma 4.2. The next result verifies 0.4. Lemma 5.2. Let S or S i be Poisson modules over A, which are locally free A-modules of rank one. We have the following isomorphisms of Poisson A-modules.
Moreover if U is an invertible Poisson bimodules over
Proof. For any p ∈ Spec(A), the localization S p ∼ = A p is equipped with the Poisson module structure given by some local Poisson derivation δ ∈ Der P (A p ) by Lemma 2.3. Hence we can prove all the claims by localization. For instance in (b), there is natural map ϕ : S ⊗ A S * → A given by evaluation. Let S p ∼ = A δ p for some local Poisson derivation δ ∈ Der P (A p ). By Corollary 2.5, we have
is clearly an isomorphism of Poisson modules. Hence ϕ is an isomorphism of Poisson modules by Lemma 1.3. We can prove S * ⊗ A S ∼ = A analogously.
Before we state our results, let us set up the convection for the structure of Poisson bimodules concerning the tensor product S ⊗ A U (A) (resp. U (A) ⊗ A S) for any Poisson module S that is a line bundle over A. We require that the right Poisson structure of S ⊗ U (A) (resp. U (A) ⊗ S) is derived from the right (resp. left) multiplication of U (A) and the left (resp. right) U (A)-module structure is determined by the tensor product with possible switching side of Poisson module structures regarding S and Proposition 2.4 by applying the comment below Lemma 4.2. Now according to 4.2, one sees that
. As suggested by Lemma 5.1, the line bundle
plays a significant role in the rigid dualizing complex of U (A). Clearly, L A is equipped with a left Poisson module structure with respect to Proposition 2.4 (b) when we treat both ω * A and ω A as right Poisson modules. By Lemma 5.2, the dual module of L A is given by
In particular when A is CY, then L A = Hom A (A δ , A −δ ) = 2δ A as left Poisson modules, or L A = A −2δ as right Poisson modules, where δ is the modular derivation of A.
Proposition 5.3. For any affine smooth Poisson algebra A of dimension ℓ, we have
Proof. In view of 3.1, it is easy to check that the left hand side above is well-defined. Since U (A) e = U (A e ) is flat over A e by Corollary 1.5, we have The following result has been proved in a general setting for Lie-Rinehart Lie (super)algebras [Ch94, Ch99] . We reformulate its Poisson version making it compatible with our notations. Remark 5.10. For a polynomial Poisson algebra A = k[x 1 , . . . , x n ], its units are given by A × = k × . Thus we know a polynomial Poisson algebra is unimodular if and only if its enveloping algebra is CY. Generally speaking, by the proof of 5.9, one sees that the unimodularity of the Poisson structure always implies the CY property of its enveloping algebra, but the inverse direction may not hold.
